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We present a novel system for the simulation of quantum phase transitions of collective internal
qubit and phononic states with a linear crystal of trapped ions. The laser-ion interaction creates an
energy gap in the excitation spectrum, which induces an effective phonon-phonon repulsion and a
Jaynes-Cummings-Hubbard interaction. This system shows features equivalent to phase transitions
of polaritons in coupled cavity arrays. Trapped ions allow for easy tunabilty of the hopping frequency
by adjusting the axial trapping frequency, and the phonon-phonon repulsion via the laser detuning
and intensity. We propose an experimental protocol to access all observables of the system, which
allows one to obtain signatures of the quantum phase transitions even with a small number of ions.
PACS numbers: 03.67.Ac, 03.67.Lx, 03.67.Bg, 42.50.Dv
Trapped ions are among the most promising physical
systems for implementing quantum computation [1] and
quantum simulation [2]. Long coherence times and indi-
vidual addressing allow for the experimental implemen-
tation of quantum gates and quantum computing proto-
cols such as the Deutsch-Josza algorithm, teleportation,
quantum error correction, quantum Fourier transforma-
tion and Grover search [3]. Quantum simulation could
be performed in the future by large-scale quantum com-
putation [4]. With the currently available technology,
tailored Hamiltonians can be modeled with trapped ions
to simulate mesoscopic Bose-Hubbard systems [5], spin-
boson systems [6] and spin systems [7]. Recently, a quan-
tum magnet consisting of two spins has been successfully
simulated experimentally with two trapped ions [8].
In this Letter, we propose a physical implementation
of the Jaynes-Cummings-Hubbard (JCH) model using
trapped ions. The JCH model was proposed in the con-
text of an array of coupled cavities, each containing a
single two-state atom and a photon [9]. Such a system is
described by the combination of two well-known physical
models: the Hubbard model [10, 11], which describes the
interaction and hopping of bosons in an optical lattice,
and the Jaynes-Cummings model, which describes the in-
teraction of an atom with a quantum field [12]. The JCH
model predicts a quantum phase transition of polaritons,
which are collective photonic and atomic excitations. We
shall show that the laser-driven ion chain in a linear Paul
trap is described by a JCH Hamiltonian, wherein the ions
and the phonons correspond, respectively, to the atoms
and the photons in a coupled cavity array, Fig. 1. As
in [5], the position-dependent energy and the non-local
hopping frequency of the phonons is controlled by the
trapping frequencies, while the effective on-site repulsion
is provided by the interaction of the phonons with the
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FIG. 1: (Color online). a) Coupled cavities each contain-
ing photons and single two-state atoms. Intercavity hopping
is provided by an optical fibre. The strong coupling between
the atoms and the photons leads to an effective photon-photon
repulsion. b) All ions are simultaneously interacting with a
traveling wave in the radial direction. The laser-ion interac-
tion creates an effective on-site interaction between the local
phonons. The phonon hopping appears due to the Coulomb
interaction and can be adjusted by the mutual distance of the
ions.
internal states of the ions and can be adjusted by the
parameters of an external laser field, namely the Rabi
frequency and the detuning. This on-site interaction is
analogous to the photon blockade (photon-photon repul-
sion), where the strong atom-cavity coupling prevents the
entering of additional photons into the optical cavity [13].
We shall show that many-body effects appear as a quan-
tum phase transition between a localized Mott insulator
(MI) and delocalized superfluid state (SF) of the com-
posite phononic and internal (qubit) states of the ions.
Due to the collective nature of the excitations we distin-
guish between collective qubit and phononic SF and MI
phases, and the pure phononic SF phase, similar to the
effects predicted in [14] for coupled cavity arrays.
Consider a chain of N ions confined in a linear
Paul trap along the z axis with trap frequencies ωq
2(q = x, y, z), where the radial trap frequencies are much
larger than the axial trap frequency (ωx,y ≫ ωz), so that
the ions are arranged in a linear configuration and oc-
cupy equilibrium positions z0i along the z axis. Making
a Taylor expansion around the equilibrium position, and
neglecting x3, y3, zx2, zy2 and higher order terms, the
Hamiltonian in the radial direction x reads [15]
Hˆx =
1
2M
N∑
k=1
pˆ2k+
Mω2x
2
N∑
k=1
xˆ2k−
Mω2z
2
N∑
k,m=1
k>m
(xˆk − xˆm)2
|uk − um|3 .
(1)
Here pˆk is the momentum operator,M is the ion mass, xˆk
is the position operator of the kth ion about its equilib-
rium position z0k, uk = z
0
k/l, where l = (e
2/4piε0Mω
2
z)
1/3
is the length scale, e is the charge of the ion, and ε0 is
the permittivity in free space. In the Hamiltonian (1) the
motion in the radial direction is decoupled from the axial
motion. In terms of the normal modes ωp, the Hamilto-
nian (1) reads Hˆx = ~
∑N
p=1 ωp(
ˆ˜a†p
ˆ˜ap+
1
2 ). Here
ˆ˜a†p and
ˆ˜ap
are the phonon creation and annihilation operators of the
pth collective phonon mode. However, if xˆk and pˆk are
written in terms of local creation aˆ†k and annihilation aˆk
phonon operators, so that xˆk =
√
~/2Mωx (aˆ
†
k+ aˆk) and
pˆk = i
√
~Mωx/2 (aˆ
†
k − aˆk), the Hamiltonian (1) reads
Hˆx = ~
N∑
k=1
(ωx + ωk)aˆ
†
kaˆk + ~
N∑
k,m=1
k>m
tkm(aˆ
†
kaˆm + aˆkaˆ
†
m),
(2)
where we have neglected higher-order (energy non-
conserving) terms. The phonons are trapped with a
position-dependent frequency
ωk = −αωz
2
N∑
s=1
s6=k
1
|uk − us|3 , (3)
where α = ωz/ωx, and they may hop between different
ions, with non-local hopping strengths
tkm =
αωz
2
1
|uk − um|3 (4)
derived from the long-range Coulomb interaction [5].
The collective and local creation and annihilation op-
erators are connected by the Bogoliubov transformation,
ˆ˜a†p =
N∑
k=1
b
(p)
k (aˆ
†
k cosh θp − aˆk sinh θp), (5)
which preserves the commutation relation, [aˆk, aˆ
†
m] =
δkm. Here θp = − 14 ln γp, with γp = 1+α2(1−λp)/2 and
λp are the eigenvalues, with eigenvectors b
(p), of the ma-
trix Akm = δkm+2
∑
s=1,s6=k(δkm− δsm)/|uk−us|3 [15].
Using Eq. (5) one finds that the pth collective phonon
state with zero phonons |0˜p〉 is a product of N local
squeezed states, |0˜p〉 = |ζ(p)1 〉 . . . |ζ(p)N 〉, where
|ζ(p)k 〉 =
∞∑
nk=0
√
(2nk − 1)!!
(2nk)!!
(tanh θp)
nk√
cosh θp
|2nk〉. (6)
Here |2nk〉 (k = 1, 2 . . .N) is the local Fock state with
2nk phonons. For the center-of-mass phonon mode we
have p = 1 and cosh θp = 1; hence the collective
ground state |0˜1〉 is a product of local ground states,
|0˜1〉 = |01〉 . . . |0N 〉. For a sufficiently small number of
ions, we have cosh θp ≈ 1 and |ζ(p)k 〉 ≈ |0k〉. Since the
lowest-energy collective vibrational mode in the radial
direction is the highest mode p = N , we find that the
superfluid ground state of the Hamiltonian (2) is
|ΨSF〉 = 1√
N !
(
N∑
k=1
b
(N)
k aˆ
†
k
)N
|01〉|02〉 . . . |0N〉. (7)
Here we have assumed the commensurate case where the
number of ions is equal to the number of phonons. We
find that the ratio between the average number of local
phonons in the ground state is given by the square of the
oscillation amplitudes: 〈nˆk〉/〈nˆm〉 = (b(N)k /b(N)m )2, where
nˆk = aˆ
†
kaˆk (k = 1, 2, . . . , N) is the local phonon number
operator.
We shall show that the laser-ion interaction induces
an effective repulsion between the local phonons. This
interaction provides the phase transition from phononic
SF state to composite SF and MI phases of the joint
phononic and qubit excitations. Consider ion qubits with
a transition frequency ω0, which interact along the ra-
dial direction with a common traveling-wave laser light
addressing the whole ion chain with frequency ωL. The
Hamiltonian of the system after the optical rotating-wave
approximation is given by [16]
Hˆ = Hˆx + ~Ω
[
N∑
k=1
σˆ+k e
iη(aˆ†
k
+aˆk)−iδt + h.c.
]
. (8)
Here σˆ+k = |ek〉〈gk| and σˆ−k = |gk〉〈ek| are the spin flip op-
erators, |ek〉 and |gk〉 are the qubit states of the kth ion,
Ω is the real-valued Rabi frequency, δ = ωL − ω0 is the
laser detuning, and η = |k|x0 is the Lamb-Dicke param-
eter, with k the laser wave vector, and x0 =
√
~/2Mωx
is the spread of the ground-state wave function. The
Hamiltonian, after transforming into the interaction pic-
ture by the unitary transformation Uˆ = eiHˆ0t/~, with
Hˆ0 = −~ωx
∑N
k=1 aˆ
†
kaˆk+~∆
∑N
k=1 |ek〉〈ek|, in the Lamb-
Dicke limit and after the vibrational rotating-wave ap-
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FIG. 2: (Color online) Chemical potential µ as a function
of the laser detuning ∆. Each curve corresponds to µ(n) =
Eg(n + 1) − Eg(n), where Eg is the ground energy of the
single ion Hamiltonian (9) for zero hopping. Here n is the
number of excitations per ion. The Mott lobes are defined as
δµk = µ(k + 1)− µ(k), k = 0, 1, 2 . . .
proximation, reads
HˆI = ~
N∑
k=1
ωkaˆ
†
kaˆk + ~∆
N∑
k=1
|ek〉〈ek|
+~g
N∑
k=1
(σˆ+k aˆk + σˆ
−
k aˆ
†
k)
+~
N∑
k,m=1
k>m
tkm(aˆ
†
kaˆm + aˆkaˆ
†
m)− µNˆ, (9)
where HˆI = Uˆ
†HˆUˆ− i~Uˆ †∂tUˆ . We assume that the laser
is tuned near the red motional sideband δ = −ωx − ∆,
with a small detuning ∆ (∆ ≪ ωx). The coupling
between the internal qubit and local phonon states is
g = ηΩ. The Hamiltonian (9) is valid when tkm, g ≪ ωx,
which ensures that higher terms, which violate the con-
servation of the total number of excitations, can be ne-
glected. The first three terms in Eq. (9) describe the
Jaynes-Cummings model. The first two terms correspond
to the energies of the local phonons and the ions, while
the third term describes the laser-ion interaction. The
fourth term in Eq. (9) describes the non-local hopping of
phonons between different ions and allows the compari-
son to Hubbard systems. The last term −µNˆ is the usual
chemical potential.
The Hamiltonian (9) commutes with the total excita-
tion operator Nˆ =
∑N
k=1 Nˆk, hence the total number of
excitations is conserved. Here Nˆk = aˆ
†
kaˆk+ |ek〉〈ek| is the
number operator of the total qubit and phononic excita-
tions at the kth site. The effective on-site interaction is
provided by the interaction of phonons and qubit states
at each site. The strength of the on-site interaction de-
pends on the external parameters, such as the Rabi fre-
quency Ω and the laser detuning ∆. This interaction
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FIG. 3: (Color online) Total (qubit+phonon) variance DNk
(top) and the qubit variances DNa,k (k = 1, 2, 3) (bottom)
for a chain of five ions with five excitations as a function of
the laser detuning ∆ for fixed hopping t = 0.3g. Negative
values of ∆ correspond to blue detuning with respect to the
red-sideband transition.
creates an energy gap, which prevents the absorption of
additional phonons by each ion. In Fig. 2 we plot the
chemical potential µ, which counts the energy to add a
extra excitation into the system, as a function of the laser
detuning ∆ for zero hopping. The Mott lobes δµk > 0 for
sufficiently large number of phonons tend to zero, which
show that the on-site interaction is vanishing [9].
We describe the quantum phase transition between the
MI and SF states by the varianceDNk =
√
〈Nˆ2k 〉 − 〈Nˆk〉2
of the number operator Nˆk with respect to the ground
state of the Hamiltonian (9) for fixed number of excita-
tions [14]. If the on-site interaction between the phonons
dominates the hopping, the ground state wave function
is a product of local qubit and phononic states for each
site with a fixed number of excitations. Hence in the
MI state, the variance DNk for any k vanishes. When
the hopping term dominates the on-site interaction, then
the ground state consists of a superposition of qubit and
phononic states with delocalized excitations over the en-
tire chain. In this state the variance DNk at each site
(i.e. each ion) is non-zero.
Figure 3 (top) shows the variance DNk (k = 1, 2, 3)
for a chain of five ions with five collective excitations
versus the laser detuning ∆ for fixed hopping frequency
t = αωz/2 calculated by an exact diagonalization of the
4Hamiltonian (9). Due to the symmetry of the trap with
respect to the center it is not necessary to plot the phase
diagrams for ions 4 and 5. For sufficiently large negative
detuning ∆, there exists an energy gap, which prevents
the absorption of additional phonons. Hence, the system
is in the MI phase, where the qubit and phononic excita-
tion are localized. When the detuning ∆ increases, the
energy gap decreases and the system makes a phase tran-
sition to the SF phase. The phase transition is stronger
for the ions near the center of the trap due to stronger
Coulomb interaction and increased hopping strengths,
and weaker at the ends of the ion chain. The comparison
between the variance at the different sites demonstrates
two characteristic features. Firstly, there is a range of de-
tunings where the qubit and phononic excitations at ion
1 (end of the chain) are predominantly in a MI phase,
whereas the other ions are in the SF phase. Secondly,
there is a broad range of ∆ along which the joint excita-
tions at all ions are in the SF phase.
Figure 3 (bottom) shows the variance of the qubit ex-
citations DNa,k with Nˆa,k = |ek〉〈ek|, (k = 1, 2, 3) [14].
This allows us to distinguish the following phases: in the
region of large negative detuning ∆ the collective and
the qubit variances are small, indicating that the sys-
tem is in the qubit MI phase. Increasing the detuning,
the collective variance stays small but the qubit variance
increases, which shows that the system is indeed in a col-
lective MI phase. Approaching ∆ = 0 the system makes
a phase transitions into the collective qubit and phononic
SF phase as now both collective and qubit variance are
large. Finally, for sufficiently large positive detuning the
qubit variance decreases but the collective variance stays
large, which shows that the system is in the phononic
superfluid phase.
The experiment is started by initializing the ion chain
with N phonons in the lowest energy radial mode. To
avoid off resonant excitation of unwanted radial modes, α
could be increased temporarily. Then the coupling laser
is switched on. The experimental proof for the phase
transition can be carried out by local measurements re-
peated for each ion which should be performed faster
than the hopping time. In the case of 40Ca+ ions the
qubit states could be represented by the ground state S1/2
and the metastable state D5/2. The laser, which creates
the phonon-phonon repulsion, would be detuned to the
red sideband of the quadrupole qubit transition between
the two states. Then the readout could be performed by
scattering photons on the dipole transition S1/2 →P1/2.
This would lead to momentum recoil and changes of the
phononic excitation, but to circumvent this we have to
perform a measurement of the qubit states, which does
not affect the phononic state as in the following steps.
1) Make a random guess for the qubit excitation. 2)
If the guess was the S1/2 ground state, then swap the
population S1/2 ⇔D5/2 by a carrier pi pulse leaving the
phononic excitation unchanged. 3) Now expose the ion
to laser light on the dipole transition. 4) If the ion scat-
ters light the guess was wrong and we have to discard
the measurement and restart, otherwise the initial guess
was right and we transfer the qubit excitation back to the
S1/2 ground state by another carrier pi pulse, then drive
Rabi oscillations on the red sideband by perpendicular
Raman light beams with the difference momentum vec-
tor in the radial direction. 6) The phononic population
can now be extracted by a Fourier analysis of the Rabi
oscillations.
In conclusion, we have proposed a novel implementa-
tion of the JCH model by trapped ions simulating po-
laritonic phase transitions in coupled cavity arrays. The
system shows a Mott insulator to superfluid phase transi-
tion of the collective qubit and phononic excitation even
with a small number of ions. The features can be easily
measured by local laser adressing. Compared to atoms
in optical cavities, our implementation is easier to ma-
nipulate, as all parameters can be tuned by changing the
trap frequency, laser detuning and intensity. Addition-
ally, the system can be extended by adding impurities of
ions with different mass to the ion crystals, which allows
for simpler addressing of the radial phonon modes and a
separation of coexistent phases.
This work has been supported by the European Com-
mission projects EMALI and FASTQUAST, the Bulgar-
ian NSF grants VU-F-205/06, VU-I-301/07, D002-90/08,
and the excellence programme of the Landesstiftung
Baden-Wu¨rttemberg. The authors thank F. Schmidt-
Kaler for useful discussions.
[1] J. I. Cirac and P. Zoller, Phys. Rev. Lett. 74, 4091 (1995).
[2] R. P. Feynman, Int. J. Theoret. Phys. 21, 467–468 (1982).
[3] C. Monroe et al., Phys. Rev. Lett. 75, 4714 (1995); D.
Leibfried, et al., Nature 422, 412 (2003); F. Schmidt-
Kaler, et al. Nature 422, 408 (2003); S. Gulde, et al.,
Nature 421, 48–50 (2003); M. D. Barrett et al., Nature
429, 737–739 (2004); M. Riebe, et al.Nature 429, 734–737
(2004); J. Chiaverini et al, Nature 432, 602–605 (2004);
J. Chiaverini, et al., Science 308, 997–1000 (2005); K.-A.
Brickman, et al., Phys. Rev. A 72, 050306(R) (2005).
[4] D. Kielpinski et al., Nature 417, 709-711 (2002).
[5] D. Porras and J. I. Cirac, Phys. Rev. Lett. 93, 263602
(2004); X. L. Deng et al., Phys. Rev. A 77, 033403 (2008).
[6] D. Porras et al., Phys. Rev. A 87, 010101 (R) (2008).
[7] R. Schutzhold et al., Phys. Rev. Lett. 99, 201301 (2007);
L. Lamata et al., Phys. Rev. Lett. 98, 253005 (2007);
D. Porras and J. I. Cirac, Phys. Rev. Lett. 92, 207901
(2004).
[8] A. Friedenauer et al., Nature Phys. 4, 757 (2008);
[9] A. D. Greentree et al., Nat. Phys. 2, 856 (2006); M. J.
Hartmann et al., Nat. Phys. 2, 849 (2006). M. I. Makin
et al., Phys. Rev. A 77, 053819 (2008); D. Rossini and
R. Fazio, Phys. Rev. Lett. 99, 186401 (2007).
[10] J. Hubbard, Proc. Roy. Soc. A 276, 238 (1963).
5[11] M. P. A. Fisher et al., Phys. Rev. B 40, 546 (1989).
[12] B. W. Shore and P. L. Knight, J. Mod. Opt. 40, 1195
(1993).
[13] A. Imamoglu et al., Phys. Rev. Lett. 79, 1467 (1997). K.
M. Birnbaum et al., Nature 436, 87 (2005).
[14] E. K. Irish et al., Phys. Rev. A 77, 033801 (2008); D. G.
Angelakis et al., Phys. Rev. A 76, 031805(R) (2007).
[15] D. F. V. James, Appl. Phys. B: Lasers Opt. 66, 181
(1998).
[16] D. J. Wineland et al., J. Res. Natl. Inst. Stand. Technol.
103, 259 (1998).
